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Water Aqueduct Shapes

Calculate the cross-sectional areas of different aqueducts to determine which is most effective

Potential GCSE content covered

· Area of a rectangle and trapezium

· Volume of a cuboid

· Application of trigonometry – finding missing sides

· Plotting a graph from a table of values
In the classroom

The first problem (slide 2) is intended to provide an introduction to the context. The second problem can be accessed at various levels, some students will seek to find the required length and height using trigonometry. They may express the area of the cross section as a function of the angle, and then produce a plot of the function to find the maximum area.

For some students the GeoGebra file will supply some support, by calculating the area of the trapezium. These students can produce a table of values for ϑ and cross sectional area, and plot the graph to find the maximum cross sectional area. 

Problem Solving

In both problems the students will need to work out what information is needed to solve the problem and a way to find these measurements.

The first problem requires the students to understand how to find the volume of a cuboid given a cross-section, and to understand how to get the missing length of the cuboid from the information about the speed of the water.  

As described above, the second problem can be approached using trigonometry to find the missing dimensions or by using the GeoGebra file.

Discussion Points

If students obtain slightly different readings from their graphs, this could lead to a discussion regarding the accuracy of this approach. For the groups that decided to use a function, ask them to explain how they decided on the increments to use for ϑ. This could lead to a discussion on how accurately they are able to quote a solution.

Which cross section, rectangle or trapezium, would lose more water to evaporation? 
Extending the problem

Would the optimum angle be the same if the base and/or slope dimensions were changed?

Answers

If the students use the GeoGebra file, they may produce a table of values like the one below:

	ϑ in degrees
	90
	100
	120
	130
	140
	150
	160
	170
	180

	Area in m2
	12
	13.36
	14.29
	13.62
	12.15
	9.90
	7.00
	3.62
	0


They may plot this or explore the interval 100≤ ϑ ≤130 in greater depth.

The optimum value of ϑ appears to be 1170 which gives an area of 14.33m2.
Some students may simply use the GeoGebra file to find the optimum angle. These students could be encouraged to use trigonometry, to find a solution to a greater level of accuracy (see below).
The area of the trapezium cross section can be found using   [image: image2.png](a*b)



   , where a and b are the parallel sides and h is the height.

Using trigonometry to find the missing dimensions:

Height (h) = 3cos(ϑ -90) 




x = 3sin(ϑ -90)

In the example below ϑ = 1200



The length of the top, 4+2x = 4+6sin(ϑ -90)
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Drag the red point to change the angle of the sides.

Observe how the area changes.
What slope produces the maximum area?

How can you be sure?
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Drag the red point to change the angle of the sides.

Observe how the area changes.
What slope produces the maximum area?

How can you be sure?
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The students can try values of ϑ in the range 116≤ ϑ ≤118 to find a more accurate value for ϑ.
Another approach would be to substitute these dimensions into [image: image6.png](a*b)



   

Giving  [image: image8.png](4 +4+6ein(5-50)
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3cos(ϑ -90))
This can be simplified to [image: image10.png](8+6sin(8-90))(3cos(5-90)
>



 which can be plotted using appropriate software.

Curriculum links
	England
	Northern Ireland

	> N13. Use standard units of mass, length, time, money and other measures (including standard compound measures) using decimal quantities where appropriate
> N15. Round numbers and measures to an appropriate degree of accuracy (e.g. to a specified number of decimal places or significant figures)

> GM16. Know and apply formulae to calculate: area of triangles, parallelograms, trapezia; volume of cuboids and other right prisms (including cylinders)

> GM20. Know the formulae for: Pythagoras’ theorem, a2 + b2 = c2, and the trigonometric ratios; apply them to find angles and lengths in right-angled triangles


	> T2 T3(h) T4(h)  - Use Pythagoras’ theorem in 2D problems
> T2 - Calculate volumes of right prisms
> T5 - Understand and use compound measures
> T3(h)T4(h) - Understand and use the trigonometric ratios of sine, cosine and tangent to solve 2D and 3D problems


	Scotland
	Wales

	> MNU 4-11a I can apply my knowledge and understanding of measure to everyday problems and tasks and appreciate the practical importance of accuracy when making calculations
 

> MTH 4-11c I have explored with others the practicalities of the use of 3D objects in everyday life and can solve problems involving the volume of a prism, using a formula to make related calculations when required

	Using Measurement Skills

> Y10 - Understand and use a variety of compound measures, including speed, density and population density

Using Measurement Skills

> Y10 - Use trigonometry and Pythagoras’ theorem to calculate the length of a side in a right angled triangle

Using Geometry Skills

> Y8 - Devise and use formulae to calculate the area of trapezia and kites




